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4.7.1 The Binomial Distribution

Properties of Binomial Distribution
What is a binomial distribution?

= Abinomial distribution is a discrete probability distribution

= Adiscrete random variable X follows a binomial distribution if it counts the number of successes
when an experiment satisfies the following conditions:
= There are a fixed finite number of trials (n)
= The outcome of each trial isindependent of the outcomes of the other trials
= There are exactly two outcomes of each trial (success or failure)
= The probability of success is constant (p)
= If X follows a binomial distribution thenit is denoted X ~ B(H, p)
= nisthe number of trials
= pisthe probability of success
= The probability of failureis1- p whichis sometimes denoted asq
= The formulaforthe probability of rsuccessful trials is given by:

. P(X=r)=“Crpr(l —p)”‘fforr= 0,1,2,...,n
n!

nC = ———

r (n-1)!

= You willbe expected to use the distribution function on your GDC to calculate probabilities with
the binomial distribution

wheren!=nX(n—=1)X(n—2)x...x3%x2x1

What are the important properties of a binomial distribution?

= The expected number (mean) of successful trials is

E(X) =np

= You are given thisin the formula booklet
= The variance of the number of successful trials is

Var (X) =np(1 - p)

= You are given thisin the formula booklet
= Squarerootto get the standard deviation
= Thedistribution can be represented visually using a vertical line graph
= |fpisclose to 0thenthe graphhas a tail to the right
= |fpiscloseto1thenthe graphhas a tail to the left
= |fpiscloseto0.5thenthe graphisroughly symmetrical
= |If p=0.5thenthe graphis symmetrical
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Modelling with Binomial Distribution
How do | set up a binomial model?

= |dentify what a trial is in the scenario
= Forexample:rollingadice, flipping a coin, checking hair colour
= Identify what the successful outcomeisin the scenario
= Forexample:rolling a 6,landing on tails, having black hair
= |dentify the parameters
= nisthenumber of trials and p is the probability of successin each trial
= Make sure you clearly state what yourrandom variable is

= Forexample, let X be the number of students in a class of 30 with black hair

What can be modelled using a binomial distribution?

= Anything that satisfies the four conditions
» Forexample:let T be the number of times a fair coin lands on tails when flipped 20 times:
= Atrialis flipping a coin: There are 20 trialsson =20
= We canassume each coin flip does not affect subsequent coin flips: they are independent
= Asuccessiswhenthe coinlands on tails: Two outcomes - tails or not tails (heads)
= Thecoinisfair: The probability of tailsis constant withp = 0.5
= Sometimes it might seem like there are more than two outcomes
= Forexample:let Y be the number of yellow cars that are in a car park full of 100 cars
= Although there are more than two possible colours of cars, here the trialis whethera caris
yellow so there are two outcomes (yellow or not yellow)
= Y would still need to fulfil the other conditions in order to follow a binomial distribution
= Sometimes a sample may be taken from a population
= Forexample: 30% of people in a city have blue eyes, a sample of 30 people from the city is taken

and X is the number of them with blue eyes
= Aslongasthe populationislarge and the sampleisrandom thenit can be assumed that each
person has a 30% chance of having blue eyes

What can not be modelled using a binomial distribution?

= Anything where the number of trials is not fixed oris infinite
= The number of emails receivedinanhour
= The numberof times a coinis flipped untilitlands on heads
= Anything where the outcome of one trial affects the outcome of the other trials
= The number of caramels that a person eats when they eat 5 sweets from a bag containing 6
caramels and 4 marshmallows
= [fyoueatacaramelforyour first sweet then there are less caramels leftin the bagwhenyou
choose yoursecond sweet
= Anything where there are more than two outcomes of a trial
= Aperson's shoe size
= Thenumberadicelands onwhenrolled
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= Anything where the probability of success changes /
= The number of times that a person can swim alength of a swimming poolin under a minute
when swimming 50 lengths Your notes

= The probability of swimming a lap in under a minute will decrease as the person gets tired
= The probability is not constant

O Examiner Tip

= Anexam question mightinvolve different types of distributions so make it clear which distribution
isbeingused foreach variable
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@ Worked example

Itis known that 8% of alarge population are immune to a particular virus. Mark takes a sample of 50

people from this population. Mark uses a binomial model for the number of people in his sample that
are immune to the virus.

a) State the distribution that Mark uses.

A +ria\ 15 d\eckinﬂ i O person 15 immune to the virug
A suuess 1s f the person is immuae

ket X be the aumber of pecple in the sample immune to the virus
X~ B (50, 0.08)

Probability of
Number of sl
pecple m\sa{ple L/I:w.iﬂa immune To the viruy

b) State two assumptions that Mark must make in order to use a binomial model.

Moark needs to assume that :

'ead\ person in the Popu‘dion has on 57. dlnn(e
o‘ being immune

‘the somple is random and the people are independent
a person being immune does mot offect the
immtmi'Pa of others

For example !

lf oll 50 came from the same famﬂg then
they would not be independent

c) Calculated the expected number of people in the sample that are immune to the virus.

Bi ial distributi
Formula booklet SRR

E(X) *50% 008 = il

L people
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4.7.2 Calculating Binomial Probabilities

Calculating Binomial Probabilities

Throughout this section we will use the random variable X ~ B(n, p). For binomial, the probability of X

taking a non-integer or negative value is always zero. Therefore any values of X mentioned in this section
willbe assumed to be non-negative integers.

How do | calculate P(X = x): the probability of a single value for a binomial distribution?

= Youshould have a GDC that can calculate binomial probabilities
= Youwant to use the "Binomial Probability Distribution” function
= Thisis sometimes shortened to BPD, Binomial PD or Binomial Pdf
= Youwillneedtoenter:
= The 'X'value - the value of x for which you want to find P(X= X)
= The'n'value - the number of trials
= The 'p'value - the probability of success
= Some calculators will give you the option of listing the probabilities for multiple values of x at once
= Thereisaformulathat youcanuse butyou are expected to be able to use the distribution function on
your GDC

" P(X: X) = HCX XpX(l _p)H—X
n!

nGE rl(n—r1)!

How do I calculate P(a < X < b): the cumulative probabilities for a binomial distribution?

= Youshould have a GDC that can calculate cumulative binomial probabilities
= Most calculators will find P(a < X< b)
» Some calculators can only find P(XS b)
= Theidentities below will help in this case
= You should use the "Binomial Cumulative Distribution” function
= Thisis sometimes shortened to BCD, Binomial CD or Binomial Cdf
= Youwillneedtoenter:
= Thelowervalue - thisis the value a
= Thiscanbezerointhe case P(XS b)
= Theuppervalue - thisis the value b
» Thiscanbeninthecase P(X > a)
= The'n'value - the number of trials
= The'p'value - the probability of success

How do | find probabilities if my GDC only calculates P(X < x)?
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To calculate P(X < x) just enter xinto the cumulative distribution function /

To calculate P(X < x) use: Your notes
. P(X< X) = P(XS X— 1) which works when Xis a binomial random variable
= P(X<5)=P(X<4)

To calculate P(X > x) use:
. P(X> X) =1- P(XS X) which works for any random variable X
» P(X>5)=1-P(X<5)

To calculate P(X > x) use:
« P(X>x)=1-P(X < x— 1) whichworkswhen Xis a binomial random variable
. P(X25)=1-P(X<4)

To calculate P(a< X< b)use:
. P(a <X< b) = P(XS b) - P(XS a— 1) which works when Xis a binomial random variable
= P(5<X<9)=P(X<9)-P(X<4)

What if aninequality does not have the equals sign (strict inequality)?

Fora binomial distribution (asitis discrete) you could rewrite all strict inequalities (< and >) as weak
inequalities (< and =) by using the identities for a binomial distribution
- P(X<x)=P(X<x-1)andP(X>x)=P(X2x+1)
= Forexample: P(X <5)=P(X<4)and P(X> 5) = P(X > 6)
It helps to think about the range of integers you want
= |dentify the smallest and biggestintegersin therange
If yourrange has no minimum or maximumthenuse O orn

- P(X<b)=P(0<X<b)
- P(X>a)=P(a<X<n)

Pla<X<b)=P(a+1<X<bh)
= P(5<X<9)=P(6<X<9)

Pla< X<b)=Pla<X<b-1)
= P5<X<9)=P(5<X<8)

Pla<X<b)=Pla+1<X<bh-1)

m P5<X<9)=P(6<X<8)
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O Examiner Tip /

N . . . Your notes
= |fthe questionisin context then write down the inequality as well as the final answer

= This means you still might gain a mark evenif you accidentally type the wrong numbers into
your GDC
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@ Worked example /

The random variable X ~ B(40, 0.35). Find: Your notes
» P(X=10).

ldeatfy 0 and p  n=40 p=035

Use binomial probabil'dt\ dis’rribwf‘.m on GDC

P(X=10) = 0.05%056...

P(X=10) = 0.053 (3sf)

i P(X<10).

‘MIF5 upper ond lower values

P(X<10) = P(D ¢ X ¢ D)

Use binomial cumulative distribution on GDC
P(X<10) = 0.121491..

P(Xx<10) = 0.120 (3sF)

i P(8<X<15).

|dentify upper 0nd lower values
P(8<Xc1S) = P(q ¢ X¢ )

Use binomial cumulative distribution on GDC
P(4 ¢ X¢lw) = 0. Skld2t..

P(8<X<15)= 0.542 (3sf)
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